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Abstract—The distribution of current along a center-driven 
cylindrical antenna is obtained when the material forming the an- 
tenna is resistive. The particular case is considered when the 
impedance per unit length of the antenna is a function of the distance 
from the end. A solution is obtained specifically when the current is 
represented by an outward traveling wave with no reflected wave. 
The admittance of the antenna and the far-field pattern is de- 
termined. Field patterns are evaluated for a wide range of lengths. 
These are characterized by a single major lobe with a very small 
minor lobe structure. 


INTRODUCTION 


OR SOME PURPOSES, the directional and 
Piercadbana properties of traveling-wave antennas 
are desirable. An example is the traveling-wave 
V-antenna. The first work on traveling-wave dipoles 
was reported by Altschuler! who inserted lumped re- 
sistors at a quarter wavelength from the ends of the 
antenna. Although this location of the resistors is not 
critical, the traveling-wave nature of the current di- 
minishes as the frequency is changed so that the lumped 
resistors are no longer at the maximum of the current. 
In a recent report? the distribution of current and the 
driving-point admittance were determined for a cy- 
lindrical antenna with a continuously distributed con- 
stant internal impedance per unit length. It is now 
proposed to investigate the cylindrical antenna with a 
variable internal impedance per unit length. In particu- 
lar, it is desired to determine an axial distribution of the 
internal impedance for which a pure outward traveling 
wave exists on an antenna of finite length. 


THE DIFFERENTIAL EQUATION 
AND ITs SOLUTION 


The axial component A,(z) of the vector potential on 
the surface of a cylindrical antenna, that has the inter- 
nal impedance per unit length z‘(z), carries a total axial 
current J,(z), and is driven at z=0 by a delta-function 
generator with emf V>°, satisfies the one-dimensional 
wave equation in the form 


a? Liy 
ee + ist) Az) = = [2"(2)Z.(2) — Vor(@)] (1) 
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if a time-dependence e' is assumed. The internal im- 
pedance per unit length z‘(z) is expressed as a function 
of the axial coordinate z. It is given by 


1 


Ba 2aad(z)a(z) 2 


for a circular tube with constant radius a. In order to 
vary the impedance per unit length, it is assumed that 
the conductivity o and the wall thickness d may be func- 
tions of location along the antenna. The vector potential 
on the surface of the antenna is 


wo * 
A, ss : t , , 

(z) ie fu (2) K(g, 2’)dz (3) 

where 

ea skor 
K(s, 2’) (4) 
r 
with 

r=Va-—2)P+@ (5) 


Since the ratio of vector potential to current along an 
antenna is approximately constant, it is possible to set 


[ 1.OKe a')dz’ = I,(2)¥ (6) 
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where W is the value where the current J,(z) has a 
maximum, 


With (3)—(6) it follows that 


oe? 
( + i) Ampo 1A 2(2) 
02? 
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[2*(2)I.(2) — Vo'(z)] (7) 
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may be approximated by 


3 jk 
(= +t it) I.(2) = ? [z*(z)Z.(z) — Vor8(z)] (8) 
With the notation 
Ar 
f@) = rot 3*(z) (9) 
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where {9=~+/p0/€0 = 120m ohms, this equation becomes 

oe? 
E 
Except at the driving point z=0, the current must 
satisfy the differential equation 


22 
+ ko? 
02? 


It is readily verified by direct substitution in (11) that 
when 


jArko 


+ ho? — jefe | aes “2 10) 


3 septa | Le) =0 (11) 


2 
f(z) = R= [al (12) 
so that (11) becomes 
(= + ko? — ct) I.(2) = 0 (13) 
ont a Tal) 
a solution is 
I.(2) = Ca — | 2| e-#olel (14) 


Note, in particular, that a solution of the form e*l! does 
not satisfy the equation. 

The expression (14) represents a wave of current 
traveling in the direction of increasing |z|, that is, from 
the generator toward both ends. There is no reflected 
wave traveling in the opposite direction. 


THE IMPEDANCE AND EXPANSION PARAMETER 
If the current has the form (14), it follows that the 


vector potential is given by 


Anpo A(z) = WIA2) = WC(h — | 2| )e*!*! (15) 


The scalar potential satisfies the Lorentz condition 


w OA, 
o(2) =f ee (16) 
Oz 
Also, by symmetry, 6(—2) = —¢(g). For s>0 
o(z) = —i]—1 — jho(h — 2)| (17) 
é(+0) = jkoh) = —— wou + jRok) (18) 


If the driving voltage is defined by 


Vor = o(+0) — o(—0) = 26(+0) (19) 


it follows that 


Ge ee (20) 
U(1 + jhok) 
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Hence, 
QV of | z| 


ae cor — ar kh 


yeaa (21) 


The driving-point admittance is 


Qa 1 


=— 22 
coW 1 — j/kok Ma 


The impedance is a resistance in series with a capaci- 
tance 


Zo = Ro — 7/wCo (23) 
where 
Ry = “ = 60¥ ohms (24) 
and 
Co = ok (25) 


Note that when Rof>>1, Ro>1/wl>. 
The parameter W is defined in terms of the function 


h eskr1 e~ kre 
f (h — 2’ )e-se | + i dz’ 
0 v1 1. 
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V(z) = 


(26) 


where 
= V(3' ~ 2)? + 0? =Ve@ +242 


Since 7(z) and A,(z) both have maximum amplitudes 
at z=0, it is desirable to define ¥ = (0). That is, 


—jkro 


te 2 é 
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= V2? + @ 


de! (27) 


where 


+ @ 


Since koa<«1i, and ak, no serious error is made by 
setting kz’ + kro in the exponent in the first integral and 
voz’ in the second integral. 


A es2kro 2 h 
= 2 f dz — =f e— Phe dz! (28) 
0 To h 0 
With A =a, it follows that 
h 
w=2 sinh — — CQQA, 2kk) — jSQA, 24%) | 
a 
i 
+ — (1 — 6) (29) 
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Specifically, when kh=7/2, h/a=75, Q=10, ka 


=1.57/75 =0.021, 2ka = 0.042, 
2 

v = 2[5.70 — 1.66 — j1.85] +7— (1 + 1) 
T 


= 8.08 — j2.43 


Similarly, for a thin antenna with k#/a=11,013, or 
Q= 20, ka =1.57/11, 013 =1.41 «10+ 


4 
Ww = 2[10.69 — 1.65 ~ 71.85] + 7 — = 18.08 — j2.43 
TT 


In (29), C(a, x) and S(a, x) are the generalized sine and 


cosine integrals: 
=> 1—cosW = sin W 

C(a, x) = i ——_——. du S(a,x) = f du 
0 0 Ww 


Ww 


where 


W = 2 + a1? 


Tue DISTRIBUTED RESISTIVE LOADING 


The continuously varying resistive loading of the 
antenna is defined by (9) with (12). Thus 


oo 1 15 
Br h—|z| k-|2| 


zi(z) = (30) 
where the coefficient 15 is in ohms. With Q=10 to 20, 
the coefficient 15W ohms ranges from 121—736 ohms to 
272—736 ohms. AtdA = 288 m with 2Q=20, k= 72m so that 


272 — 736 


ai(0) = 15/h = 
(0) d 7 


= 3.9 — 7.5 ohms/m 

is the impedance per unit length at the driving point. 
In this case a= 6.54 mm. With 2'=47ade, 2;=0.66, 6.6, 
and 66 ohms/m for aluminum of thickness d=10-,8 
10-7, and 10-8 m and 2!=8.55, 85.5, and 855 ohms/m 
for carbon of thickness d=10-*, 10-*, and 10-§ m. Thus, 
with thin layers of aluminum or carbon, a range from 
below 3.9 ohms/m at z=0 to very large values as 2h 
may be constructed. 


EFFICIENCY 


The efficiency of the resistively loaded antenna is 
easily evaluated since 


1 v 
P, = — | 1(0) |?Ro = aa | 7(0) |? 
2 An 


whereas the power dissipated in heat is 


h 
f (hk — 2')e-#2" cos (koz’ cos O) dz’ 
0 
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RY oe fo¥ 
Py = 2 f — | I(z) |*e#(z)dz = — | 70) |2. 
ao 2 8r 
It follows that the antenna is 50 per cent efficient. 
THE ELECTROMAGNETIC FIELD 
The far-zone electric field is given by 
Ee’ = jw sin® A," (31) 
where 
e skoro A 
Av = f Lalajemer oe alge (32) 
Arvoro —h 
With 
T(z’) = C(k — | 2| Jem*ols (33) 


this expression becomes 


Ce—skoro 


AJ = 


h 
f (A — 2')e-02" cos (Roz’ cos@)dz’ = (3.4) 
0 


2rvoro 


The integral is readily evaluated with the following 
formulas: 


f e* cos bxdx = 2LE (a cos 6x + 6 sin bx) (35a) 
err a Een 52 
ff se cos bxdx = {|e _ | cos bx 
a? + 62 a + b? 
2ab 
+ E = ] sin bx (35b) 
a’? + 0? ) 


Thus, 


h 
f (h — 2')e%’ cos b2/dz" 
0 


eo?" : a? = b? : 
= Poe {[ a — 2) + pice | cos bz 


2ab 
+ 6 —a)+ | sin a 
a +B 
2 i 
> (a? + B?)? 
— [ak(a? + b*) + a — B]} 


{ [(a2 — 8?) cos bk + 2ab sin bh}e* 


(36) 


With @a=—jko, b=ko cos 8, a@+h2=—k, sin? O, 
a—b? = —k?(1+cos? 9), it follows that 


[—(1 + cos? Q) cos (kok cos 8) — j2 cos @ sin (Rok cos ©) le-H#ot — jkohk sin? @ + (1 + cos? O) 


ko? sin? O 
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Fig. 2. 
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Fig. 1. Real part of far-field pattern of nonreflecting antenna. 
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Imaginary part of far-field pattern of nonreflecting antenna. Fig. 3. Magnitude of far-field pattern of nonreflecting antenna. 
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The electric field is 
it ohCe- a0" 
pe a) (38a) 
wr 
where the vertical field factor is 
—jkok sin? © + (1 + cos? @) — [72 cos @ sin (kok cos @) + (1 + cos? QO) cos (Rok cos @) fe~Fo% 
F(koh, ©) = ko { lj ( ) ) cos (Ro } (38b) 
koh sin? © 
This function vanishes along the axis © =0 and has the value 
—7(Rohk — sin Rot) + (1 — cos Roh 
P (tl =) = rie 0 in Roh) ( of) (39) 
2 Rok 
in the equatorial plane, @=7/2. When 2o°?<1, 
F(Roh, ©) = Rok sin O (40) 
which is the same as for any electrically short antenna. The real and imaginary parts are 
1 + cos? @)[1 — cos kok cos (Rok cos 9)| — 2 cos Osin kok sin (kok cos © 
depen if sh cos (bl cos ©) sh sin (koh cos 8) ae 
koh sin? O 
—hoh sin? O — 2 cos @ cos fok sin (Rok cos @) + (1 + cos? QO) sin Aok cos (Rok cos O 
F,(koh, @) = ok 0 (Ro 2) ( cos? @) sin kok cos (kok cos ©) (41b) 
Rok sin? © 
When 
Rokt — 
T T 
Fa(= 8) 1 + cos? @ — 2 cos O sin (= cos 8) 
= (42a) 
vin 
— sin? @ 
2 
Tv T Tv 
Fy (=. 8) _ ia © + (1 + cos? ©) cos (= cos ) 
Fe = (42b) 
T 
—sin?O 
At 


When kyph>>1 F(Rok, O) > Fr(Rohk, O)->—csc 9, O40. 


Graphs of Fr(kok, ©), Fr(Roh, ©), and | F(kok, ®)| 
are given in Figs. 1-3 for a range of values of Rok ex- 
tending from 7/2 to 507. It is seen that | F(Roh, @)| has 
one large maximum that is located at O©=90° for 
koth<a and moves toward Q=0O as &ok is increased. 
With kok =507 the maximum is near O=11°. Of par- 
ticular interest is the fact that minor lobes are little more 


cv oT 2 
eee 
2 2 T 


than a small ripple on the broad tail of the major maxi- 
mum for all values of kok > 7. 


CONCLUSION 


Properties of a center-driven cylindrical antenna, 
characterized by a pure traveling wave of current, was 
investigated. Combination of two such antennas into 
traveling-wave V-antennas will be treated in another 


paper. 


